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THE GEOMETRY AND TOPOLOGY ON GRASSMANN
MANIFOLDS

ZHOoU JIANWEI

ABSTRACT. This paper shows that the Grassmann Manifolds Gr(n, N)
can all be imbedded in an Euclidean space My (N) naturally and the
imbedding can be realized by the eigenfunctions of Laplacian A on
Gr(n, N). They are all minimal submanifolds in some spheres of Mg (N)
respectively. Using these imbeddings, we construct some degenerate
Morse functions on Grassmann Manifolds, show that the homology of
the complex and quaternion Grassmann Manifolds can be computed
easily.

1. INTRODUCTION

Let Gg(n, N) be the Grassmann manifold formed by all n-subspaces in
FY, where F is the set of real numbers, complex numbers or quaternions.
The manifold Gg(n, N) is a symmetric space (see [7] or [8]). The Grassmann
manifolds are important in the study of the geometry and the topology,
especially in the theory of fibre bundles.

Let G(n,N) be the oriented Grassmann manifold formed by all oriented
n dimensional subspaces of RY. In [3], Chen showed that G(n, N) can be
imbedded in the unit sphere of wedge product space A"(RY) as a mini-
mal submanifold. Takahashi [10] proved that a compact homogenous Rie-
mannian manifold with irreducible linear isotropy group admits a minimal
immersion into an Euclidean sphere, see also Takeuchi and Kobayashi [11].

Let Mg (N) be the set of N x N matrices A with values in F such that a'=
A. Mg (N) is an Euclidean space. Let Mg(n,N) = {A € Mgr(N) | A% =
A, r(A) = n} be a subspace of Mg (N), where r(A) be the rank of the matrix
A. The matrix A € Mg(n, N) can be viewed as a projection on Euclidean
space FV.

For any m € Gg(n,N), let e1,- -+ , e, be an orthonormal basis of . Then
(e1,--- ,en) is an N x n matrix. Define

- _
(P(T(') = (61’-. . 7en)(617... ’en) — Zeieg'
i
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We show in §2, the map ¢ : Gg(n, N) — Mg(N) is an imbedding and we
have p(Gr(n,N)) = Mg(n,N). Then

N
U ¢(Gr(n, N)) = {4 € Mp(N) | A = A}.
n=0

Let {A € Mg(N) | trA = n} be a hyperplane in Mgp(N) and S(y/n) the
sphere of Mg (N) with radius /n. In §2, we also show that Mg(n,N) is a
minimal submanifold in the sphere S(y/n)({A € Mg(N) | trA = n}. These
minimal submanifolds are the natural generalization of the famous Veronese
surface.

Let Gg(N) be the group which preserving the inner product on Euclidean
space FV. With the spaces My (n,N), we can show that the Grassmann
manifold Gg(n, N) can be imbedded in the group Gg(N).

In §3, we construct some degenerate Morse functions on Grassmann Man-
ifolds. Show that the Poincaré polynomial of Gg(n, N) can be represented
by

P,(Gp(n,N)) = P(Gp(n, N — 1)) + t*“N=" P(Gg(n — 1,N — 1)),

where F = C or F = H and c the dimension of F. Then the homology of
the complex and quaternion Grassmann Manifolds can be computed easily
in low dimensional cases.

These results are consistent with the results computed by using Schubert
variety. As in [4] or [5], we consider the case of F = C. Let

0<ap<ar<---<a,<N-n

be a sequence of integers. There is a natural one-one correspondence between
the set of (ag, a1, -, an) and the generators of the homology H.(Gc(n,N)).

The dimension of (ag, a1, -+ ,ay) is 2(ag+ a1 +- - - +a,). Such elements can
be divided into two classes:

(1) (ag,a1,--- ,an), where a,, <N —n —1;

(2) (ap,a1,--+ ,an—1, N —n), where a,—1 < N —n.

These also show
P,(Gc(n,N)) = P(Ge(n, N — 1)) + V" P(Ge(n — 1, N — 1)).
The Poincaré polynomial of Gg(n, N) can also be represented by

P,(Gg(n,N)) = tP,(Gg(n,N —2)) + ‘N P, (Gg(n — 2, N — 2))
+(1 4 t“ NN P(Gp(n — 1,N —2)),

where n, N —n >2, F=C or H.
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2. THE MINIMAL IMBEDDING OF Gg(n, N) IN THE SPHERE

Let F be the set of real numbers R, complex numbers C or quaternions
H. The quaternions H is generated by i,j,k = ij. For any u € F, @ is the
conjugation of u (w~v =v-uwif u,v € H). For any A € F, \ acts on the right
of u=(u,---,un) € F¥. For any u = (ug, - ,un)t, v = (vi,--- ,on)t €
FV,

(u,v) =" - u = ZEAUA
A
defines an inner product on FV. Let Gg(N) be the group acting on the left
of FY¥ which preserving the inner product (,) on FN¥. If F = R, Gr(N) =
O(N) is the orthogonal group; if F = C, Gg(N) = U(N) is the complex
unitary group; if F = H, Gg(INV) = Sp(N) is the symplectic group.

Let Gp(n,N) =~ % be the Grassmann manifold formed by

all subspaces in FV of dimension n. Let ey, - ,€pn,ent1, -+ ,en be or-
thonormal frame fields on Gg(n, N) such that the element of Gg(n,N) is
generated by e, --- e, locally. By the method of moving frame, there are
local 1-forms wff defined by

des = Zegwf, W’ +w‘§ =0, A, B=1,---,N.
B
Restricting the two form ® = Re () w@$) on Gg(n,N) defines a Rie-
(e
mannian metric (see [4]). Unless otherwise stated, we agree on the following
arranges of the indices:

1SZ7]7Sn7 TL+1SO¢,57§N, 1§A737§N
Let Mp(N) be the set of N x N matrices A with values in F such that
A' = A. With the inner product defined by

(A, B) = Re tr(AB) = ZxAAyAA + 2Re Z TABYAB;
A A<B
A = (zaB),B = (yap) € Mp(N), Mg(N) becomes an Euclidean space.
The real dimension of My(N) is N + 2cN(N — 1), where c is the real
dimension of F.

Lemma 2.1. Leteq,--- ,en be an orthonormal frame on FN. The following
elements form an orthogonal basis of Mg(N) with respect to the norm ()
respectively,

(1) ea€ly, epel, + ecely, when F = R;

(2) eaély, eBétC + ecél, eBz’étC — eciély, when F = C;

(3) eaély, epél+ecély, epiel, —eciely, epjel —ecjely, epkel —eckely,
when F = H,
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where A,B,C=1,--- /N, B<C.
Proof. The proof is a direct computation. For example, we have
(eally,epll + ecely) = Re tr(esldap + easdac) = 26450 A0,
and
(epeh + ecely, epiey, — eciely) = Re tr(eciéy, — egiely) = 0.
O

Note that the basis of Mg (N) described in Lemma 2.1 are all real.
For any m € Gg(n,N), let e1,--- , e, be an orthonormal basis of 7. Then
(e1, -+ ,ep) is an N x n matrix. Define

(Yol GF(TL,N) — MF(N),
o(m) = (e1, -+ en)ler, - en) = > el

It is easy to see that ¢(m) is independent of the choice of the orthonormal
basis €1, ,en. Let Mp(n,N) = {A € Mp(N) | A2 = A, 1(A) =n} be a
subspace of Myg(N), where r(A) be the rank of matrix A.

Lemma 2.2. The map ¢ : Gg(n,N) — Mg(N) is an imbedding and we
have o(Gg(n,N)) = Mg(n,N). The induced metric on Gg(n,N) defined
by ¢ is
20 = 2Re () wl@y).
7,00

Proof. 1t is easy to see that p(Gg(n,N)) C Mg(n,N). On the other hand,
the element A € Mp(n, N) can be viewed as a projection on FV. Let 7 =
{Az | z € FV} be a subspace of F and ey, , e, be an orthonormal basis
of w. Therefore Ae; = e;. It is easy to see that A = 3 e;el and o(7) = A.

(]
Then we can identify Mg(n, N) with Gg(n, N). Let ey, -+ ,en,ent1, -+ , €N
be orthonormal frame fields on FV such that Gg(n,N) is generated by
e1,- - ,e, locally. Hence

= Bt azt —ast
de=d E €6 = E eqw; € + E €;W; €.
[ [NeY [NeY

We compute the case of F = H as an example, the other cases are similar.

Let wf* = aff +1b§* + jci* + kdS', where af*, b, ¢, d* are real 1-forms. Then

dp = Z ad(eqll + e;el)) + Z b (eqiel — ejiel)
7,00 2,00

+ " (eajel — eijet) + Y di(eakel — eiket,),

7,00 7,0
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and

eall + €8, eqitl — ejiel,, eqjel — e;jé.,, eqkel — e;ké’,
form a basis of tangent space TGu(n,N). By Lemma 2.1, these vectors
are orthogonal with respect to the inner product (,). The norms of these

vectors are all v/2. Then
(do,dp) =2 (af ® af + b @ b + ¢ @ ¢ + df ® d) = 2.

7,00

For any A € Mg(n,N),
(A A) =tr AR = trA = tr[(er, - ,en)(er, - ,en)t] =n,

then |A| = /n. These also show r(A) = trA for any A € My(N) with
A% = A. Therefore we also have
Mg (n,N)={A € Mp(N) | A%> = A, trA =n},
and
N
U (G (n, N)) = {A € Mp(N) | 42 = A}.
n=0

Let Iy be the identity matrix of order N. For A € Mg(n,N), we have
(In—A)?=1Iy—A, r(Iy — A) = tr(Iy — A) = N —n, hence Iy — A €
Mg(N —n, N). These show the map A — Iy — A gives an isometry between
the manifolds Gg(n, N) and Gg(N —n, N).

As show above, for any A € Mg (n, N), |A|* = trA = n, then Mg(n, N) is
in the sphere S(y/n) = {B € Mp(N) | |B|?> = n}. By trA = n, we know that
My (n, N) also in the hyperplane {B € Mg (N) | trB = n}. This hyperplane
can also be defined by {B € Mg (N) | (B, In) = n}. Then the normal vector
of this hyperplane is Iy = Y e;el + 3 e, él,.

(2 (0%
When F = R, any element A € Mg(1,3) ~ RP? can be represented by
2 1T 7173
A=| xomq x% roxs3 |, x% + x% + x% = 1.
T3T1 T3T2 T3
The map
B = (z4p) € Mr(3) — (211,222, 733, V2712, V2213, V2223) € RS

gives an isometry between these two Euclidean spaces. Then Mg(1,3) is
the famous Veronese surface.

Theorem 2.3. The manifold Myg(n,N) is a minimal submanifold in the
sphere S(y/n) ({B € Mg(N) | trB = n}.
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Proof. With the notations used above,

dgpzZeaw —FZ:(BZ wdel,

-+ Z ejwlWwiel + eqw wﬂeﬁ + egw ofel, + e;@2al ez]

where “-- -7 is the part of d2¢ which tangent to Mg (n, N). Then the second
fundamental form of the imbedding ¢ is
IT = =Y @S wlel + e@fwdel] + 3 leawf @] el + epw)ofe].

The mean curvature vector is
N—-n
=) 2 gy 2 G
On the other hand, > e;e! and Iy = Zeze + Zea are the normal

7
vectors on S(y/n) and {B € Mg(N) | trB n} at > eiél respectively.

These show Mg (n, N) is a minimal submanifold in the sphere S(y/n) ({B €
Mg(N) | trB = n}. O

The radius of the sphere S(yv/n)({B € My(N) | trB =n} is 4/ "(NT_”)

The above proof also shows, the second fundamental form of Mg (n, N)
has constant length [6]. The isometry group G (V) acts on the Grassmann
manifold Gg(n, N) naturally. For any g € Gg(N), A € Mg(N), Ad(g9)A =
gAg' defines an action of Gg(N) on Mp(N). Furthermore, the following
diagram is commutative

gl | Ad(g)
Gr(n,N) % Mg(N).

Let A = (d+6)? be the Laplacian on Gg(n, N) with respect to the metric
2®. For any A € Mg (N), f(m) = (p(m), A) is a function on the Grassmann
manifold Gg(n, N). As is well-known, we have

Af=—-cn(N —n)(H,A).

As show above, Mg (n, N) is in the hyperplane {B € My (N) | (B,In) =
n} of Euclidean space Mg (V). For any vector A parallel to this hyperplane,

we have
(A In) = (A eiel) + (A, eath) =0

Then for such A, we have

Af = cN(Zeiég,A) =cNf.

i



THE GEOMETRY AND TOPOLOGY ON GRASSMANN MANIFOLDS 187

We have proved the following

Theorem 2.4. The imbedding ¢ : Gg(n,N) — {B € Mg(N) | trB =n} is
formed by the eigenfunctions of Laplacian A\ on Gy(n,N) with eigenvalue
cN.

For any A = Zelet G Mg(n,N), let A = Iy —2A = Iy — 2> eel.
It is easy to see that A = A A2 = Iy. Then A — A gives a map v :

It is interesting to note that when F = R be the real numbers, the imbed-
ding of Gr(n, N) in orthogonal group O(N) defined above can be obtained
by using Clifford algebra. Let C¢x be the Clifford algebra associated to the

Euclidean space RY and Pin(N) be the Pin group. Any unit vector v of
RY defines a reflection f, on RV:

fole)=v-e-v=e—2(e,v)v, YecRY,

where ‘-’ denotes the Clifford product. With the standard basis of RY, the
map f, can be represented by matrix Iy — 2vvt € O(N).

Let éR(n, N) be the oriented Grassmann manifold. For any 7™ €
éR(n, N), we choose an oriented orthonormal basis ey, --- ,e, of 7. Note
that fe,fe; = fe;fe, for any i,j. Then e; - ez---e, € Pin(N) and by the

maps Gr(n, N) — Pin(N) Ad, O(N), we have a map
Gr(n,N) = O(N), T = fer oy feu:

Jerfes+ fen = (In —2e1e])(In — 2e2€h) - - (In — 2ene},)

n

t

=Iy—2 E e;e;
i=1

~ n

The map Gr(n, N) — O(N) is an immersion. As det(Ix —2 Y e;el) =
i=1

(—1)" is constant, we can imbed real Grassmann manifold Ggr(n,N) in

SO(N).

3. THE MORSE FUNCTIONS ON THE GRASSMANN MANIFOLDS

In [12], we have constructed many (degenerate or non-degenerate) Morse
functions on the real oriented Grassmann manifolds by using calibrations.
In the following we construct Morse functions on the Grassmann manifolds
GF (n, N ) .

For any A € Mp(N), the map f: Gg(n,N) — R, f(r) = (p(r), A),
defines a function on Grassmann manifolds Gg(n, N). f is a Morse function
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for almost every vector A € Mg(N). But in general, it is difficult to find
such element. First, we give some known results.
Let Ezp be the elements in Mg(N), A > B, where the entries in row A,
column B and row B, column A are 1, the others are zero.
When F = C, n = 1, Ge(1,N) =~ CPY~! is the complex projective
space. Let A = > caFEaa € Mc(N), ¢4 > ¢ > --- > cy > 0. For any
A

S GC(laN)a SO(’/T) = eléth €1 = (ZlaZQa e aZN>t7 Z |ZA‘2 = 17 then
A
fm) = (p(m), A) =) calzal”
A

As is well-known ([9]), f is a perfect Morse function on CPNV 1,

Similar results hold for the real projective space Gr(1, N) ~ RPY~! and
the quaternion projective space Gg (1, N) ~ HPN~!. In the real case, the
functions are not perfect.

The map f: Gr(n,N) — R, f(7) = (@(7), E11), defines a function on
Gr(n,N). To study this function we define two submanifolds of Gg(n, N).
Let Gg(n—1, N —1) be a submanifold of Gg(n, N) such that every element
of Gp(n — 1,N — 1) contains the vector & = (1,0,---,0)" € FN. Let
FN=1 = {u = (0,ug, - ,uy)" € FV} be a subspace of F¥ and Gp(n, N —1)
be a submanifold of Gg(n, N) generated by the n-dimensional subspaces of
FV-L

Theorem 3.1. The function f : Gg(n,N) — R is a degenerate Morse
function on Gg(n, N), where f(m) = (p(7), E11). The critical submanifolds
are f71(0) = Ggp(n,N — 1) and f~1(1) = Ggp(n — 1,N — 1) with indices 0
and ¢(N — n) respectively.

Proof. Let e, ,€n,€nt1,--- ,en be orthonormal frame fields on FV such
n

that Gg(n, N) be generated by ey, - - - , e, locally. We have f(7) = > ziZi,
i=1

where e; = (x;1,+- ,x;n)t. Then, 0 < f < 1 and 7 is a critical point of
function f if and only if

df = Z (eawf‘éﬁ + 61'@?52, E11> =0.
7,00

We prove the theorem for the real case, the other cases can be proved
similarly, see the proof of Theorem 3.5. By Lemma 2.2, df = 0 if and only if

<eaef + 6,‘62, E11> =0

for any i, . Foregq = (x a1, -+ ,xan), A=1,---, N, we can assume z;; =0
for i > 1 and 241 = 0 for & > n + 1. Obviously, we have z3; + 22, ; = 1.
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Then

(eat] + €ich, B11) = 20112011 161:0an+1,
and the point 7 € Gr(n, N) is a critical point if and only if 217 = 0 or
11 = 1.

Let RV"! = {u = (0,uz, - ,un)! € RM} be a subspace of R" and
Gr(n, N —1) be a submanifold of Gg(n, N) generated by the n-dimensional
subspace of RV~ Let Gr(n — 1, N — 1) be a submanifold of Gr(n, N)
such that every element of Gg(n — 1, N — 1) contains the vector é; =
(1,0,---,0)! € RN. It is easy to see that f~!(0) = Gr(n, N — 1) and
Y1) =Gr(n—-1,N —1).

Now we show that the critical submanifolds f~1(0) and f=1(1) of f are
non-degenerate and compute their indices.

On f~10)=Gr(n,N —1), 21 =0, i=1,--- ,n, éyr1 = (1,0,---,0)%,
then the tangent space of f~1(0) is generated by

eiel, +eqel, a#n+1.
On f~}(1) = Gr(n — 1,N — 1), & = (1,0,---,0), Gr(n —1,N —1) is
generated by é;,e2,--- ,e,, then the tangent space of f~1(1) is generated
by
eiel, +eqel, i # 1.
By simple computation, on the critical submanifolds, we have

d2f = Zw eje +€Z€J,E11 + Zw w eaeﬁ + egea,E11>
Then
P flp-10) =2 WP  enprel g, Br) =2 witlwrt

d2f\f71(1) = —2Zw1w1 (e1€}, 1) = —QZwlwl
By Lemma 2.2, the critical submanifolds of f are all non-degenerate. These
complete the proof of the theorem. O

By Morse theory, it can be shown that every differentiable manifold has
the homotopy type of a CW complex. As in [4] or [5], let

0<ay<a;<---<ap,<N-n

be a sequence of integers. These give a CW complex structure on the Grass-
mann manifold Gg(n, N). For every such (ag, a1, -- ,a,), there is one cell of
dimension ¢(ag+ai + - - -+ ay). The homologies of the Grassmann manifold
can be computed by means of the Schubert varieties (see [4] or [5]). There
is a close relation between Theorem 3.1 and the Schubert varieties:

The elements (ag, a1, - ,ay) can be divided into two classes:

(1) (ag,a1,- -+ ,an), where a, <N —n —1;

(2) (ap,a1, -+ ,an—1, N —n), where a,—1 < N —n.
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Let {p1, p2, p3} be a partition of unity on [0, 1] such that supp(p1) C [0, %],
supp(p2) C [%, %], supp(ps) C [2,1] and % <0, % > 0. Let hy <
0,ha > 0 be two non-degenerate Morse functions on f~1(0) and f~1(1)
respectively. The functions hi, he can be viewed as functions on neighbor-
hoods of f=1(0), f~(1) in Gg(n, N) respectively, they are constants on the
trajectories of grad(f). Define a function

f=p(h+f)+ pof + ps(ha + f) = prha + psha + f,
where p; = p;o f, 1 =1,2,3.
Theorem 3.2. f : Gr(n, N) — R is a non-degenerate Morse function and
the critical points are that of hy and ha. If p is a critical point of hy with
index k, then the index of p is k+ c(N —n) with respect to the function f; if
q is a critical point of hy, then the indices of q with respect to the functions
hy and f are the same.

For the proof, see [12].

When F = C or H, we can choice perfect Morse functions hq, he on
Gg(n, N —1) and Gp(n — 1, N — 1) respectively. Then f is also a perfect
Morse function. Let P;(M) be the Poincaré polynomial for a manifold M.

Corollary 3.3. For F = C or H, the Poincaré polynomial of Gg(n,N) can
be represented by

P,(Gp(n,N)) = P(Gg(n, N — 1)) + t“M " P(Gp(n — 1, N — 1)).
For example, by simple computation, we have
P(Go(L,N)) =1+ 2 +t4 4o 4 ¢2V7D),
Pi(Gc(2,5)) =1+ 12 + 2t% + 265 4 248 4 10 4 412,
P(Gc(2,7) = 1+t2 42t + 265 4 365 + 3610  3¢12 201 2416 4418 1420,
Pi(Ge(2,8)) = P(Ga(2,7) + t2R(Ge(1, 7)),

Pi(Gc(3,7) = (1+t°)P(Gc(2,5)) + t°P(Gc(2,6)),
Pi(Ge(5,10) = (1 + 1)t P(Ge(2,7) + (1 + & + 19 P(Gc(3,7))).
By P.(Gg(n,N)) = P,(Gg(N —n, N)), we have

(t —1)P(Gp(n,N — 1)) = (t*N) — 1)P(Gp(n —1,N —1)).
Now we study the trajectories of gradient vector field of the degenerate

Morse function f: Gg(n, N) — R defined in Theorem 3.1. The gradient of
the function f: Gg(n,N) — R is

grad(f) = 15 Z(ffa E11>£‘I‘7

T
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where the tangent vectors &, are defined as in Lemma 2.1. For any 7 €
Gr(n,N) — (f~H0)uU f~1(1)), let e; = (i1, T2, -+ ,x5n)t, i =1,-+- ,n, be
an orthonormal basis of 7 such that 0 < 17 < 1, x;1 = 0 for ¢ > 1. Denote
e1(t) = (cost, (sint)z)t, where x = (212, ,21n8)/\/|712]2 + - + |[T1N ]2
Then there is to € (0,%5) such that ey(tp) = e;. Let v(t) be a curve in
Grw(n, N) generated by orthonormal vectors e;(t),ez,- - ,e,. Then

df (v(t))

f(y(t)) = cos?t, — = — sin 2t,

10) € 710 = Geln— LN 1), 5(3) € 171(0) = Gln, N — 1),
Note that dim~(0) Ny(5) = c(n — 1). Along the curve (t), let

ent1(t) = (—sint, (cost)z)’, ey = (0,202, ,Tan)', a>n+1,
be orthonormal complement of the vectors ey (t), ez, - - , e, in F¥. Therefore

1 1 d
grad(f)|y = —5 sin 2t(ent1(t)EL () + er(t)el 1 (2)) = —5 sin 2td—z.
This shows that the curve « is a trajectory of the vector field grad(f) on

GF (TL, N)

It is also easy to see that the vector %’(O) is normal to f~!(1) and the
vector ‘2—;’(%) is normal to f~!(0). Let FPN""! = Gp(1,N — n) be a
subspace of f~'(0) such that es, - ,e, € 7 for any 7 € FPN™"1 Let
FP" ! = Gp(1,n—1) be a subspace of f~!(1), any 7 € FP"~! be generated
by €1 = (1707' te 70)t7é2)' T 7én) Where 627' te 7én S /7(12‘-)

Theorem 3.4. The trajectories of grad(f) give the maps from FPN=""1 to
7(0) and FP"! to (%) respectively.

When n = 1, these gives the following canonical cell decomposition of the

projective space FPN™1
FP'CcFP'c---cFPV 2 CFPN L

In the following we assume n, N —n > 2.

Theorem 3.5. Let g: Gg(n,N) — R, g(m) = (p(7), E12). The function g
is a degenerate Morse function with critical submanifolds g=*(0) = Gp(n —
2 N~ 2)JGr(n, N —2), g~ (~1) = Gr(n— 1, N —2), g~'(1) = Gr(n -
1,N —2). The indices on Gg(n —2,N — 2),Gg(n, N — 2), C:’F(n —-1,N —
2), Gg(n—1,N —2) are ¢(N —n),cn,0,c¢(N — 1) respectively.

Proof. Let e; = (1, %2, ,o;n)!, then,

g(m) = Re Z(%’l@? + 242%;1) = 2Re ZiUili"ig.

K3 7
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We can assume x;; = 0 for ¢ > 1 and z1; a real number, this shows —1 <
g(m) < 1. The critical points of function g are determined by

dg = Z (equire + eiws e ,E12) =0,

where ¢(m) =3 e;él
We prove the theorem for the case of F = H. dg = 0 if and only if

<eaé§ + eiég,E12> =0, (eaiet elze ,E19) =0,

(eaje €»Lj€ , E12) =0, <eaké§ — €Z‘]€éta,E12> =
for any ¢, «. Obviously, we have
<eae + ele , E12)
= Re (£a1Zi2 + Ta2Zi1 + Ti1Ta2 + Ti2Tal)

= 2Re [l’alfi’iQ + 'fCaQi'il]v

and
(eqiet — ejiet,, Eya)
= Re [(za1iZi2 — 2i21Ta1) + (Ta2iTi1 — Ti1iT02))
= 2Re [Xa11Ti2 + Ta21Ti1].

Similarly,

(eajet —e;jel,, E12) = 2Re [2a1jTi2 + Ta2jTi1l,

(eqket — e;ke.,, E1g) = 2Re [xq1kTio + Ta2kTi1].
For any u,v € H, a € ImH, the following holds

Re (uav) = Re (—uva) = Re (—uva).
These show 7 is a critical point of ¢ if and only if
TalZiz + Ta2Zi, = 0, for all 7, a.
On the critical submanifolds, we have
d*g = — Z(e]wo‘waet + eiwf W J,Elg + Z eaw“w’getﬁ —i—egw e, Epa).
iy 0,00

(1) Let HY=2 = {(0,0,z3, -+ ,xy)" € HY} be a subspace of HY and
Gu(n,N —2) = {r € Gu(n,N) | * ¢ HY~2} be submanifold of Gg(n, N).
Then Gu(n, N —2) is a critical submanifold of function g and g|gy (n,n—2) =
0. In this case, x;1 = x50 =0 for i = 1,--- ,n, we can assume

eny1 = (1,0,0,---,0)", enio = (0,1,0,---,0)"
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Then

4?9l G (n,N—2)
=2Re 3 (w ol + ol
i
=2 [(@ el - (@l o ()
%
(B B2 (L g ()2 (L 2y

7
AR (@ - R,

where w* = af+ib +jc +kdS. As in the proof of Theorem 3.1, we can show
that the critical submanifold Gg(n, N —2) is non-degenerate with index 4n.

(2) Let & = (1,0,---,0)!, & = (0,1,0,---,0)' € HY and Gg(n —2, N —
2) = {m € Gu(n,N) | é1,é2 € 7} be a submanifold of Gy (n, N). Then
we have x41 = a2 =0, a =n+1,--- N, for any 7 € Gug(n — 2, N — 2).
Therefore g|gy (n—2,v—2) =0 and Gu(n — 2, N — 2) is a critical submanifold
of g,

d29|GH(n—2,N—2) = —2Re (Z wiwy + wywt).
(0%

The critical submanifold Gg(n — 2, N — 2) is non-degenerate with index
4(N —n).

(3) Now we study the case of the numbers z;1, z;2 are not all zeros and
so are the numbers x,1,742. Assuming z;; = 0 for ¢ > 1, x5 = 0 for
J>2; xo1 =0for o >n+1, xg2 =0 for 3 >n+ 2. Then the conditions
TalZi2 + Ta2Zi; = 0 become

Tin 0 @pp1 0

Ti2  To2 Tp+1 2 Tnio2
If 11 = 0, we can assume x92 = 0. Then if z1; = 0, we have 1o = 0.
Therefore x11 # 0,212 # 0 in this case. Similarly, z,4+1 1 # 0,241 2 # 0.
Hence 22 = Tp42 2 = 0. By

Z11 Tl 1 2 2 2 2
— = c el |z 1 =1, |z + |zeg 2|7 =1,
12 Tn+1 2
and the vectors e; L e,4+1, we have
1 1

: 70)t7 €; = (0707xi37"' 7m’iN)t7 1> 1.

e1 = (—yt—,0,
ERVERNG

Let Ga(n — 1, N — 2) be the subset of 7 € Gg(n, N) which is generated

by e1 = (715, 715,0,-- L0, e; =(0,0,243,--- ,xin)t, 4> 1. Similarly, Let

Gu(n—1,N —2) € Gu(n, N) be the subset of m which is generated by & =

1 1 . .
(7,—%,0,'-- ,0)E, e; = (0,0,253,- - ,;n)t, 4 > 1. By construction,
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Gu(n—1,N —2) and Gu(n—1, N —2) are critical submanifolds of function
9,

g|GH(n—1,N—2) =1, g|G~YH(n71,N72) =-1L
By our assumption, g(m) = 2Re (211%12) and |x11]? + |712|> < 1, this shows
g7'(1)=Gu(n—1,N-2), g7'(-1)=Gu(n—-1,N -2).
On Gg(n—1,N —2), we can set e,11 = (%, —715,0, -+ ,0); on éH(n—
1, N — 2), we can set €,4+1 = (715, 715,0, -++,0)!. Then we have

d2.g|g—1(71) = Re [Z (Dtllw(lx + Zw;ﬁLla}ZH_l]a
«a %

d’gly-10) = —Re [ wfwf + > witHart],
«@ 7

As in the proof of Theorem 3.1, we can show that the critical submani-
folds g=!(—1) and g~!(1) are non-degenerate with indices 0 and 4(N — 1)
respectively. O

As Corollary 3.3, we have

Corollary 3.6. For F = C or H, the Poincaré polynomial of Gg(n, N) can
be represented by

P(Gr(n,N)) = t"Py(Gr(n,N —2)) + t“ V" P(Gp(n—2,N - 2))
+(1+ VD) B(GR(n — 1,N —2)),
where n, N —n > 2.
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