
Meshes and Manifolds



Definition. Suppose C is a collection
-

of (finite) sets so that if SeC

and S'cS
,
then S'eC.

We callCan abstract simplical

complex ,
and if Sea has K+1

elements
,
we call sasimplex.

-

Example. C =SE ,23 ,
513

, 3233.

C = 551 ,
2 .33,2,

3 ,43
,
52, 33

,
El

,33
,

5)[3
,
52 , 45 ,

E13; 523
,
35

,
5433.

A subcomplex K'c K is a subset

whithis also a simplicial complex .

A pre-k simplicial complex has

every subset contained
in a K-simplex.



-Definition.The starofasubstak

that contain any simplex in S.

The posure of a subset Sc17

the smallest subcomplex of K

containing S .

For instance ,
if S = St(i) :



The link of a subset S of K

is LK(S) = D(St(s)) - St(CI(s))
·

These are "disks" and "spheres" around

vertices and boundaries of normal

neighborhoods otherwise.

Similarly, if we
have a subcomplex

(('c (
,
then boundary (KK) = bb(K)

(strict (

ba(k') = Eoz)))o is a proper 3
subset of exactly

-

one simplex in KI



and the interior int(K) =K'-bo(K)
.



Definition. An oriented astract

SimplicialComplex C gives each

SeC an equivalence class of

orderings related by even permutationsg
which we call postive Call other

orderings are negative).

Example.

C = 551 ,
2 .33,2,

3 ,43
,
52, 33

,
El

,33
,

5)[3
,
52 , 45 ,

E13; 523
,
35

,
5433.

f(2) (2,
3

,
4)

,
(3

,
4

,2)

Y (4 ,
2

,
3) same

T
·

② Gr G · f(4)
f(E) < 7

↑ G
(1 ,
3

,
2)

,
(3

,
2

,H) ,
(213) all the same.



oriented

Suppose two "K-simplices Sand T

have #SnT = K. Then each has a

unique element s #T and + eS .

Choose any order on the shared vertices
(Vo

, ..., 1/k-1)
.
Then the orientations on S

,
T

Compatiblef
-

I

(Vo
, ...,Vi , S(

(Voc-- > UK-1 ,
t(

· opposite signs in S ,

T

.

Example . f(z) (2,
3

,
4)

,
(3

,
4

,2)
⑧

Y (4 ,
2

,
3) same

T ↓

② Gr G · f(4)
f(E) <

↑4)is positive
(1 ,
3

,
2)

,
(3

,
2

,H) ,
(213) all the same.

#His negative



A simplicial complex has a consistent
-

orientation if every pair of -simplices-

in K which intersect in an 1-1

simplex have compatible orderings.

Definition. A pure-1 simplicial

complex is a pseudomanifold if
-

every (K-1)-simplex is
contained in

1 or 2 K-simplices ·

(Meunier
,

Combinatorial Stokes formulae)

Definition. A simplicial pseudomanifold
is a simplicial manifold if the

link of every vertex is homeomorphic

to Sh



Checking this is :
- trivial for n = 1

,
2

,
3

- In NP1 co-NP by Schleimer (2011)
and Lackeby (2021) but suspected
to be in P for n : 4

- Completely open for n =5

- known to be un computable
for n > 5

. Novikov
,
1968 .

Plan
.

We are going to study

geometry (and topology) of

simplicial n-manifolds for

relatively small n.



Definition .

Let K be a simplicial

complex with n ; insimplices

(for it 0....
k)

,
and suppose

for

each : the simplices are numbered.

The i-th incidence matrix

[Matmini(4) = [ein]
where

eipa= E Ac if i simplex a
is a subset of

it 1- simplex p
O

,
if not.



As mathematicians ,
we prefer

Definition. Let It be an oriented

simplicial complex with ni -simplices
for it 0

,
- ,K and suppose for

each

i the simplices are oriented and

also numbered. The ith signed
incidence matrix

EieMatnixni( = [ep9]
↓ 1

,
if isimplex p is a subseteipg = E of i+ I-simplex a and orientations

agree
- 1,
if isimplex p is a subset
of i+ I-simplex a and orientations

agree& o ,
otherwise



These matrices are coboundary
operators.

↓efinition. Ei =(EijeMatnixnitz
is the boundary operator.

To justify the name, we define

Definition.Anain is a

Vector Ye X" or IR. " We think

of it as a formal linear combination

of i-simplices.



Eit is the boundary of the
i-chain.

Two facts are useful :

1) If i assigns 1 to each
K-simplex

incident to vertex j , then

El-It is the 1-1)-chain of

Link(j) .

2) EicE; = 0 (a boundary has

no boundary) , or
E'Fi-= O

(d of o of a form is zero)
.

&

Now each row of E' contains only
Li+1) nonzero elements ,

but we

Often have
millions of rows ,

so they are
stored in sparse

matrix format (ccs).



0 -1

-02
E =

-23&La1 - 3

Et =[J
Suppose you want to list all vertices

incident to a edge i. -

O(1) : just read the ith row of E:

Suppose you want to list all edges
incident to vertex i

.

O (m) : you have
to search E for I i



A different structure : combinatorial maps .

Definition. Suppose we have a

simplicial K-manifold.
4

-3
A dart represents a flag

O-cell < 1-cell <2-cell .... K-cell

and a flag induces an orientation
on the K-cell

, by ordering the vertices.

Darts are numbered
,
and there is a

special constant called & (empty).

We define (i(d) = 0 and

ai-change the i-dimensional

simplex is the Flag (only)



Y Y

F&
↓

# Z

↓az 91
4

3

-

-23
· o

I

# there was another 3-simpex , &3

would take us to the 3-simplex sharing
the blue face with

this one. As it

is
,
az(d) = 0.

Lemma . Every di has xi(d) = o or

xi(di(d)) = d and reverses orientation of

the K-simplex
.



Proof. An orientation of a K-simplex

is an equivalence class of vertex orderings.

The 9: map changes this by a transposition.

Definition. The i-th pointer map

Bi = &jodo is an orientation

preserving map
from darts to darts

,

with the exception that Bo=&& ·

1)a is i-free if Bild) = 0

2) for 2 isk if dis not

i-free
,
then Bi(Bi(d)) = d

.

3) Bo and Be are inverses .

A combinatorial map is without

i-boundary if there are no i-free

darts and without boundary if
it is without i-boundary for it 0, ...K .



The cells of the complex correspond
to orbits of darts:

↑ - cell ofa orbit of a under

(i < o) Bas --Bi-Bitt-BK
and their inverses

3

Y

B2

-M
# edge (twin) Z

Y
Y Y

-·B1
2

M
131

face (next)



O-cell ofa orbit of a under

BiBj (i <j) and
their inverses.

Z

Y B1Bz
->

" -M -- 3

B
# -M a

(B 3

Z

GBB2
-

=
2 -- y

-

#



Proposition. Two cells are incident
-

[=) their dart orbits are not disjoint

(they share any dart) .

Note that cells of different dimensions

may be incident.

Two i-cells2 are adjacent if there
are darts d

, de so that

d,de =C for some (i-1)-cell C .

Proposition. IfIt is any even set,

B, any fixed-point free involution ,

and By any permutation ,
then (H

,B,B)

is a compact orientable surface

with faces , edges ,
Entices given by

orbits of B1 ,B2 ,
and ByB2



Fun fact : Poincare duality on combinatorial

maps is trivial - the darts of K and

the dual are just read backwards

O cellc1 cellc
.

--- CK-cell

↑ I ↑

dualk cells dualk-cells ----
dual o-cell

and the maps are the same-just

reindexed !

-Definition. A collection of points
=>

Po ....,PKEIRh are fine independent

if Ep-po. ...,PK-Pos are linearly
independent.



Definition. Given PoPieR, if

if = to por ... + tri we call the ti

the barycentric cordinates of X.

·+
Po 3 p + 1 = *

Proposition. The ti are uniques the

Pi are affine independent.

Definition. IfTo ....,Pic are affine indep

the open geometric simplex /k with

-rtices Pack is

&/ = Etipi , tiso ,
Eti =13

.



The boundary &AK consists of all-

open geometric simplices Ae whose

vertices 590 . ...95 Epoc -

> PK3.

Theclosed geometric simple JK

* IX : Etipi , tip0 ,
Eti=13

.

Example.
Pz P2

·
Diz

1 Po
P

2Dz =EDDB3
.



A geometric realization of an

abstract simplicial complex (is a

map : U-IRY so that
SeC

1) For each S = EXa--XBEC

f (Xo) , ... ,f(Xk) are affine

independent .

2) For each S = EXo , ...
X 3

,

T Eya- , Yes eS ,
the

geometric simplices Nk and De

with vertices f(Xi) and f(yj)

haveDuBe = Jp where

Ap is the geometric simplex

with verticesf (S1T).



A geometric realization is an

embedding of the PL manifold
in IR"

.

But what about intrinsic

geometry?



Idea.

An intrinsic geometry
or metric on a simplicial n-manifold

is an assignment of positive lengths

to the -simplices so that there exists

a geometric realization of each

K-simplex with the given lengths.

Example. For a triangulated surface,
-

lengths must obey triangle inequalities

li ej li + ljlx

Ij + I li

P lit libj



I

For a
tetrahedron,

·ite any collection
of three

lengths must obey2-

133 triangle inequalities

d any sum
of 3 triangle areas

must be larger than the
fourth.

Now Heron's formula:

a b

A=
0
a01

b20 I
C

1 1 1 0

tells us that the tetrahedral

inequalities are quadratic in

edgelengths .



So you'd suspect that higher
Il

dimensional " simplex inequalities
involve higher degree polynomials.

IS

Gram embedding theorem. " Given
n constants lij ,

i
,jet,...,n , they

are the pairwise squared distances

betweena points in R*=

lijo , li= li =0

and the (n-1)x(n-1) symmetric
matrix

gij =( + 1-lij)
is positive semidefinite and has

rank d.



Proof. The symmetric matrix G

has a spectral decomposition

G = ULUT

where the entries of 1 are 0.

By the rank hypothesis ,
at most

o columns of 1 are nonzero ,

so taking the first
of columns of

U to be Ud
,
we also have

G =(a)(a
(n-1)xd



A bit weaker
,
one has

Schoenberg Embedding Theorem.

# symmetric matrix Q
is a

Isquared) distance matrix
<

the quadratic form
Q() =Qu

is negative semidefinite
on It

Here It is the orthogonal complement

of the vector of all
Is ,

Final
↑

* metric on an orientedDefinition .

simplicial K-manifold is a vector
in (IR
*)"so that for every K-simplex

the K+1) x (K=1) matrix of entries

ing corresponding to edges of
the

simplex obeys Schoenberg's criterion.



Lemma. Q satisfies Schoenberg
( (I- EY)Q (I-IIT) is

k+1

negative semidefinite .

Proof. The matrices on either

side of Q are the projectors

to It A

For simplicial K-manifolds
of

reasonable size (millions of

simplices ,
<10) this is extremely

fast to check.



Application . Regge calculus.-

Let I be a
4-dimensional

oriented simplical manifold with

a metric g.
This manifold obeys the discrete

version of the vacuum
field

equations (Regge equations) (= )

For each 1-simplex ej ,
we have

0=g; [Exot
2simplices
Ak

where ej
is an edge
of D1L



where ↓" is the angle in triangle
# across from edge ej ,

and

EA= 2 -&Ge
4-simplices
Te containing
An as a I-simplex

while

Ye

OX = angle at which
the

two 3-simplices inside Ye

sharing A meet

"dihedral angle"

solutions of the Regge equations
on finer and finer meshes converge

to continuum solutions of the

vacuum field equations.



There are many interesting issues
involved in solving these equations

numerically...
bt at least you

now can see that the equations

don't involve anything all that

exotic ,


